Metamaterials have enabled a series of major advances in optical devices in the past decade. Here, we suggest a type of hyperbolic metamaterial based on spin canting in magnetic multi-layers. We show that these structures have unique features in microwave waveguides that act as tunable filters. In the resulting band pass filter, we demonstrate exceptional frequency tunability of 30 GHz with external fields smaller than 500 Oe. Unlike single metallic ferromagnetic films, we also demonstrate a high-frequency band-stop filter at very low fields.
Magnetic signal processing devices have been extensively investigated in the context of modern technologies including communication and radar systems. [1] [2] [3] [4] [5] [6] [7] In order to improve the capabilities of devices operating at GHz frequencies, several magnetic media have been studied including Yttrium Iron Garnet (YIG), 2,8-10 metallic ferromagnets, 11-14 structured materials, [15] [16] [17] [18] [19] and hexagonal ferrites. [20] [21] [22] [23] These are of particular interest as they are based on absorptions near ferromagnetic resonance frequencies, which can be tuned by externally applied magnetic fields. 24 One problem with current materials is that they generally require large magnetic fields to obtain higher operational frequencies. 4 A number of solutions have been proposed to overcome this, including using structured ferromagnets to take advantage of shape anisotropy, 25 or using materials, such as M-type barium hexagonal ferrites, 21 with high magnetocrystalline anisotropy. However, both of these proposed solutions have additional issues. The structured ferromagnets tend to have wide absorption bands, while the hexagonal ferrites can be difficult to grow and often require high temperature processing steps. Plus, hexagonal ferrites require very large static applied magnetic fields to significantly tune the resonance frequency. Therefore, artificial structures have recently been suggested as a way to engineer these resonances at particular frequencies and with greater fieldtunability.
26-33
In this letter, we explore the possibility of employing a simple thin-film magnetic metamaterial as a high frequency tunable filter. We investigate the behavior of a metamaterial composed of ferromagnetic layers that are antiferromagnetically coupled through spacer layers. Such a structure can have electromagnetic hyperbolic behavior similar to that of simple antiferromagnetic crystals but at lower frequencies. 34 As an example, we calculate the propagation of transverse magnetic (TM) waves a) Electronic mail: Rair.Macedo@glasgow.ac.uk through a microscopic waveguide containing a Co/Ru multilayer 35 and find that we can obtain an operational band-stop frequency of 40 GHz at zero applied field, with an attenuation close to 30 dB/cm. In addition, we show how these metamaterials can be employed as band pass filters, with significant frequency tunability, and with a change in the operational frequency of 30 GHz with just a 0.45 kOe static applied field. Antiferromagnets are of particular interest due to their tunable hyperbolic dispersion when an external magnetic field is applied perpendicular to the spin direction, resulting in a canted spin system. 36 Most natural antiferromagnets, however, have very high resonance frequencies (in the THz range) and are difficult to tune because of large anisotropy. [37] [38] [39] In the layered metamaterial system, however, large canting angles can be induced by weak external magnetic fields. 40 This is only possible due to the interfilm exchange, which is mediated through a non-magnetic spacer between the magnetic layers, [41] [42] [43] [44] [45] and is therefore much weaker than the exchange typically found in bulk antiferromagnets. 38 We start by considering a magnetic multi-layered structure such as that shown in Fig. 1(a) . The structure is based on a repetition of two films, one ferromagnetic of thickness d 1 , and a nonmagnetic film of thickness d 2 . The thickness of the nonmagnetic film determines if the coupling between ferromagnetic films is ferromagnetic or antiferromagnetc. 35 We are interested in the case of the so-called 'anti-phase-domain' configuration, wherein the magnetic ground state in zero external field has the magnetization of a magnetic film aligned antiparallel to that of its nearest neighboring magnetic film 46 as shown in Fig. 1 
(a).
This ground state configuration, however, can be perturbed by an externally applied magnetic field H 0 . Here we consider a static external field applied along y, in which case the moments rotate to partially align with the field direction, as shown in Fig. 1(a) . The alignment of the thin film moments can be quantified by an angle α given by 47, 48 
where H E represents the interlayer exchange field. The magnetization in each magnetic film is treated as a macrospin and can precess about its equilibrium direction. The magnetic component of the radiation passing through the metamaterial can couple with these precessions and therefore the radiation can be strongly absorbed near resonances. There are two resonant frequencies for the layered structure shown in Fig. 1(a) , belonging to the so-called optic (ω ) and acoustic (ω ⊥ ) modes shown in Figs. 1(b) and (c) respectively. 40, 49 The optic mode is particularly important for our application because it has a net dynamic moment along the y axis. These resonance frequencies are shown in Fig. 1(d) for a Co/Ru layered metamaterial with saturation magnetization M=17.6/4π kG, gyromagnetic ratio γ=2.9 GHz/kOe, d 1 = 4Å, d 2 = 4Å, and H E =5 kOe (these values are used throughout this letter unless stated otherwise). Note that the optic mode frequency ω is quoted in Ref. 40 and can be tuned across a broad range of frequencies using fairly low fields, depending on the strength of the exchange field H E .
Because we are interested in incorporating this metamaterial within an electromagnetic filter, one must calculate its magnetic permeability tensor. For the structure we are interested in, it can be obtained by a standard thin film effective medium calculation. 41 Here we simply quote the results of Almeida and Mills 41, 50 that are relevant to our calculation. Using the coordinate system given in Fig. 1(a) , the magnetic permeability tensor of the overall layered metamaterial has the same form as that used for hyperbolic natural antiferromagnets, 37 and it can be written as One of the key criteria for hyperbolic materials is that the sign of one of the diagonal components of the permeability tensor is opposite to that of the other two. 51 Our magnetic multilayer meets this condition as can be seen in Fig. 2(a) , where the diagonal components of the permeability tensor are plotted as a function of frequency for vanishing applied field. In this case, µ yy < 0 for a broad range of frequencies while µ xx , µ zz > 0 (see the shaded region), which is characteristic of a hyperbolic media of type II. 52 When an external field is applied, and hence spin canting occurs (α > 0), the type II hyperbolic behavior associated to µ yy can be tuned to lower frequencies, as illustrated in Fig. 2(b) . Note, however, that in the canted spin metamaterial, all components of the permeability tensor now have resonance peaks and not only is another type II region seen (µ xx , µ yy > 0 and µ zz < 0, green shading), but also a type I hyperbolic region (µ xx , µ zz < 0 and µ yy > 0, blue shading) can be observed. Thus, we find hyperbolic dispersion at these frequencies, similar to what is observed in conventional hyperbolic media. The hyperbolic isofrequency curves for this metamaterial can be calculated for a given geometry through similar techniques to those employed in natural antiferromagnets.
34,36
The general problem of electromagnetic waves propagating in a waveguide containing our material at an arbitrary angle can be quite complicated. 24 Here, we concentrate on a simple geometry illustrated in Fig. 3(a) , whereby the static applied field along the y axis is perpendicular to the radiation propagation direction along x, and is parallel to the dynamic magnetic field h of the radiation (transverse magnetic or TM mode). (Note that the coordinate axes are the same for Figures 1 and 3 .) In this geometry, the radiation only couples with the µ yy component of the permeability tensor, which has a resonance at the optic mode frequency (the optic mode has a net moment along y). This permeability component is given by 41, 50 
Here
is the filling factor for the magnetic material in the multilayer, d 1 is the thickness of the magnetic film and d 2 is the thickness of the spacer layer. H E is the effective exchange field, M is the saturation magnetization and Γ is a phenomenological damping parameter. In Fig. 2(b) we show the behavior of Re(µ yy ) for various externally applied fields, which alter the canting angle α. There are two important frequencies: the resonance frequency ω and the anti-resonance frequency ω S which is the frequency where µ yy vanishes. This frequency can be calculated by setting Eq. (3) to zero and isolating ω. In the absence of damping (Γ = 0) it is given by:
A solution to Maxwell's equations for this waveguide structure can be found by imposing the required boundary conditions, and yields a characteristic equation for the propagation wave vector as a function of frequency given by
where d s and d m are the thicknesses of the insulator substrate and metamaterial respectively, ε 2 is the dielectric constant of the substrate, ε 1 is the dielectric constant of the metamaterial given by ε 1 = 1 + iσ/ωε 0 with σ being the conductivity of the magnetic film, and k z1 is the wave vector perpendicular to propagation, which is given by Fig.  1(a) . The propagation is restricted along x and the externally applied field H0 lies in the y direction. The incident beam is considered to be TM polarized so that its h field lies in the y direction. (b) Re(µyy) and (c) attenuation as a function of frequency for a Co/Ru metamaterial structure, for three values of the static applied field. The thickness of the Co and the Ru layers are both 4Å. The total thickness of the metamaterial is dm = 0.5 µm with an assumed conductivity σ = 5 × 10 6 S/m. The SiO2 dielectric film has a dielectric constant ε2 = 3.9 and is 5 µm thick. Here a phenomenological damping Γ = 0.2 GHz was used.
The attenuation of the wave per centimeter is proportional to e −Im(kx) and is usually quoted in decibels. In Fig. 3(b) we show the behavior of the attenuation as a function of the input TM mode frequency for Co/Ru with filling fraction f 1 = 0.5 (d 1 = 4Å and d 2 = 4Å), for three static applied field values. What is immediately obvious is that there is a narrow absorption band near 40 GHz at vanishing applied field, occurring at the optic mode's resonance. The attenuation maximum shifts downward with increasing field, as expected from Fig. 1(d) . The value of the attenuation, 20 dB or larger, is appropriate for integrated devices. The tunability is over 10 GHz for 7 kOe applied field. As has been noted earlier, the absorption can be very small near the antiresonance frequency leading to a bandpass like behavior. 54 In this system, however, the bandpass frequency can be significantly tuned by a very small external field. The tunability is far greater than for the band-stop behavior just discussed. As can be seen in Fig. 4(a) , where the real part of µ yy is plotted versus frequency for three values of the static applied field, there is nearly a 30 GHz frequency shift in the antiresonance frequency (the band-pass region) caused by only a 450 Oe magnetic field. This is in stark contrast to what would be obtained for a standard ferromagnet. In that case the antiresonance frequency is given by ω = γ(H + 4πM ), 54 leading to a shift of only 1.5 GHz for a field of 450 Oe. The antiresonance frequency is strongly affected by the filling factor f 1 of the magnetic material in the metamaterial film. By increasing the fraction of magnetic material, the attenuation peak also increases in frequency. Thus, the band pass region can be designed to operate over a very wide frequency range. Fig. 4(b) shows the band pass attenuation for three values of the static magnetic field. Note that in Fig. 4 the filling fraction is f 1 =0.95 (d 1 = 80Å and d 2 = 4Å), different from that used to make Fig. 3 .
In summary, we suggest a type of hyperbolic metamaterial based on a magnetic layered structure. A hyperbolic behavior in the GHz region is realized, in a similar manner to that recently reported for natural antiferromagnetic crystals in the THz region. However, the operating frequencies of the structures suggested here can be tuned using much weaker magnetic fields than those used in natural crystals. 37 We have shown how this mematametial may be used as a band-stop or a bandpass filter, with tunability across tens of GHz on application of a small externally applied field. Only one simple geometry was explored, but other more complicated geometries may lead to richer effects, such as both the acoustic and optic modes being excited by the impinging radiation in the wave guide. Here, we have only used the antiresonance frequency to find minimum absorption, but at this frequency our metamaterial will also display similar behavior to that found in optical materials with a dielectric constant near zero. These have the unique property that light propagates with almost no phase advance 55 enabling, for example, electromagnetic flux manipulation 56 and the emergence of Dirac cones.
57
While we have concentrated on the application of this structure to microwave filters, we believe that our findings are very relevant in the general context of electromagnetic effects in hyperbolic media, such as guided surface modes, negative refraction 37 and focusing of GHz radiation. 34 Note that the conductivity of these structures, modelled here through their dielectric constant, may induce considerable damping. This can influence electromagnetic effects associated with hyperbolic dispersion, depending on the geometry of incidence.
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